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Wishart ensemble

Wishart ensemble is n X n matrix given by M,, = X,L,Xm’,,.

it also looks like .

Mpv = Z<q,’, v)qi.

i=1
Xn(i,1)
qi = : . =i row (in colum form)
Xn(i,n)
Also ~,(i) is the i column of Xj,.
Again, we are interested in the empirical spectral distribution v,,.
Now the correct scaling is 1M, i.e. Xa(i,j) ~ N(0, nt/*).
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Stieltjes transform

Si(z) = /Oo L (), zeC.

o X — Z

for z ¢ R, the eigenvalues of [M, — zI] ™! are /\1172, e

1
» Ap—z! then

Sn(z) = %trace ([M,, - zl]_1> .
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Suppose that A is a n X n symmetric matrix and B be its
upper-left (n — 1) x (n — 1) minor submatrix

B v
-12]

Then,
1+v B2y
a—vIB-ly’

Now, suppose that C is the n X n matrix
B 0
-[22)

where z € C and 0 represents a column or row with only zeros.
Then,

traceA™! — traceB™! =

1
traceC™' = traceB™! + =.
z
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A set of matrices

Given M, define A,(k)

anliy = | M40

M, (k) is the k x k minor of M,,.
For t € [0,1] we define s,(z, t) such that when t = X = ¢, (k)

n

sn(z,t) == %trace([A,,(k) —zl™).
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Towards the derivative

sn(z, ta(k + 1)) — sp(z, ta(k))
th(k + 1) — ty(k)

= trace([An(k + 1) — zI]7Y) — trace([An(k) — zI]71).

Using the tricks
= trace([M,(k + 1) — zI] ™) — trace([Mn(k) — zI] 1) + =
and
trace([M,(k + 1) — zI] ™) — trace([Mn(k) — zI] 1)

D2 nk)
— zI) "t v, (k)

1+ v, (K) (Mn(k) — 2
an(k) = v, (k) (Ma(k)
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Elements of the equation

for j = 1,2 the limit of
T9 () = vJ (k) (Ma(K) = 21) 7 va(k),

@
= Y (k+1)[Ya(1), -, (k)] (Ma(k) — 21) : Yn(k+1).
T (K)
~n(k) is the k column of Xj,.
The all the variables in v,(k + 1) are independent from the rest of

T,Ej)(n). Define Fy , to be the information inside T,Ej)(n) without
considering yn(k + 1).
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Limits of the elements 1

Then
ETTY () Fenl = Trace (Ma(K) — 21) 7 My(K))
1 a Ai(k)
- nz()\,-(k)—z)f’

Carlos G. Pacheco Random Matrix Theory: Lecture 2



Limits of the elements 2

by adding and substracting z we obtain that
lim E[T)(n)| Fiyon] = 1+ 25(2, t)

and

. 0s(z,t
im E[TE ()| F, ) = 220

+ s(z, t).

Moreover, also .
lim Var[ T (n)| i n] = 0.
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The final equation

We end up with
_ Sy(z,t)
1+s(z,t)’

and the initial condition is clearly s(z,0) = —1.

To find S(z) = s(z,1), by the method of characteristics

si(z,t) =

1+ (z—2)2—-4
2 2z ’

This Stieltjes transform comes from the density

(4 —x)x

fup() =~

, x €[0,4].
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