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Density of the matrix

Consider the Wigner GOE model Mn = 1
2(Xn + X⊤

n ) Then,

P(Mn ∈ dx) =
n∏

i=1

1√
2π

e−x2i /2
∏

1≤i<j≤n

1√
π
e−x2ij .

or

P(Mn ∈ dx) = cn

n∏
i ,j=1

e−x2ij/2 = cne
− 1

2

∑n
i,j=1 x

2
ij = cne

−Trace(M2
n )

2 ,

with xij = xji .
Sn the space of symmetrix n× n matrices; a manifold of dimension
N = 1 + 2 + . . .+ n = n(n+1)

2 .
Represent Mn as a vector v̄ = (v1, . . . vN) ∈ RN , using the map

ϕ(v̄) = Mn,

where the first n elements of v̄ form the diagonal of Mn,
then vn+1, . . . , vn+(n−1) form the first row (and also the first
column), and so forth.
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Joint density of a long vector

the joint probability density of v̄ is

f (v̄) = cne
− 1

2
Trace(ϕ(v̄)2)

From the spectral decomposition Mn = U⊤ΛU, where U is unitary
and Λ is the diagonal matrix with the eigenvalues λ1 ≤ . . . ≤ λn.
Given the vector w̄ = (λ1, . . . , λn, u1, . . . , um), where m = N − n,

ψ(w̄) = Mn = U⊤ΛU,

where λ̄ = (λ1, . . . , λn) form the diagonal matrix Λ, and
ū = (u1, . . . , um) form the matrix U.
Our aim is to find the joint probability density hn(λ̄) of λ̄
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The Jacobian

Let g(w̄) be the density of w̄
From the spectral decomposition we can see that there is a
differentiable map F from v̄ to w̄ . Then, the probability density of
w̄ is given by g(w̄) = f (F−1(w̄))| det J(w̄)|,
where J(w̄) is the Jacobian matrix of F .

Notice is that f (F−1(w̄)) = cne
−λ21+...+λ2n

2 .
So, our task now is to find the Jacobian

J =


dv1
dλ1

. . . dv1
dλn

dv1
du1

. . . dv1
dum

dv2
dλ1

. . . dv2
dλn

dv2
du1

. . . dv2
dum

...
dvN
dλ1

. . . dvN
dλn

dvN
du1

. . . dvN
dum

 .
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derivatives in the manifold

Use Mn = U⊤ΛU to find the derivatives. All the information is
inside {dMn

dλi
, dMn

duj
: i = 1, . . . , n; j = 1, . . . ,m}.

We first have that

dMn

dλi
= U⊤ dΛ

dλi
U and

dMn

duj
= U⊤Λ

dU

duj
+

dU⊤

duj
ΛU.

dΛ
dλi

is the matrix full of zeros and only one 1 in the (i , i)-entry.
And

dMn

duj
= U⊤

(
Λ
dU

duj
U⊤ + U

dU⊤

duj
Λ

)
U

Also from I = UU⊤, we have 0 = U dU⊤

duj
+ dU

duj
U⊤.

Hence
dMn

duj
= U⊤ (DjΛ− ΛDj)U,

where Dj = U dU⊤

duj
depends solely on the variables u′s.
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second Jacobian

It ocurrs that |det(J)| = |det(J ′)|, where J ′ is the N × N matrix
with the columns

c ′i = ϕ−1

(
dΛ

dλi

)
, i = 1, . . . , n;

and
c ′n+j = ϕ−1 (DjΛ− ΛDj) , j = 1, . . . ,m.

Notice that DrΛ− ΛDr = [dij(r)(λj − λi )]
n
i ,j=1,

where dij(r) are the entries of Dr .
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the determinant

The matrix J ′ is

1 0 . . . 0 0 . . . 0
0 1 . . . 0 0 . . . 0

...
0 0 . . . 1 0 . . . 0
0 0 . . . 0 d1,2(1)(λ2 − λ1) . . . d1,2(m)(λ2 − λ1)
0 0 . . . 0 d1,3(1)(λ3 − λ1) . . . d1,3(m)(λ3 − λ1)

...
0 0 . . . 0 dn−1,n(1)(λn − λn−1) . . . dn−1,n(m)(λn − λn−1)


.

Therefore, |det(J)| = |det(J ′)| =
∏

1≤i<j≤n(λj − λi )H(U),
where H(U) is independent of λi .
Thus, the final conclusion is that for the GOE

hn(λ̄) =
1

Cn
e−

λ21+...+λ2n
2

∏
1≤i<j≤n

(λj − λi ),

over the set An = {λ1 ≤ . . . ≤ λn} ⊂ Rn.
Carlos G. Pacheco Random Matrix Theory: Lecture 3


