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For the GUE

Density of eigenvalues

- 1 23+
h(A) = =e N I =) (1)
n 1<i<j<n
onAp={M <...< A} CR"
Or
h(j\) _ Zie—(V(Al)-ﬁ—...-&-V(/\n)) H (/\j - )\I,)Z7 (2)
n 1<i<j<n

2

on R", where Z, = n!C, and V(x) = %.
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The very first thing to know is the so-called Vandermonde
determinant:

AN = ] (=)= detM,

1<i<j<n
where M = [X 17, _,.
Consider n polynomials pi(x), ..., pn(x),

n
pi(x) =) apx !
=1

It A= [a(i, )]} j=1,

since det(MA) = det(M)det(A) and MA = [p;(A;)]7;—;- Then

An(X) = det{pi(N))]7 1/ det(A).
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density as a kernel

if p; is of order i and monic, det(A) = 1.
Then
- 2
B(R) = - (& VDTtV 2t ()

n

However e~ (Y(M)+-4V(M))/2 is 3 determinant of B (diagonal).
Thus

Z,h(X) = (det(B)det([pi(\))]))”
= det(Blpi(A\)I(Blpi(AM)])T)

Since Blpi(A)] = [Pi(A)]7 =y, with Pi(x) = e= Y1)/ 2p;(x), we
end up with
_ 1 ;
h()‘) = Zdet([Kn()‘ia )‘J) i,j:l)v
where Ki(x,y) = >_y_1 Pk(x)Pk(y).

Carlos G. Pacheco Random Matrix Theory: Lecture 4



Hermite polynomials

take pj/~; orthonormal with respect to e~ V(¥)/2

i.e. the probabilistic Hermite polynomials. Then

o(R) = - det([Kn(A W]Eoa),

/ hn()_()kaJrl ce e an
Rn—k

— w;!k)!det([Kn(Xi,&)]ff,jzl-
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Probabilities

Let us now calculate
An(0) = P(there are no eigenvalues inside (—#6,6)),

or
Fn(6) = P(Amax < 0).
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Fredholm determinant

Let lp(x) be the indicator function of the set {|x| < 0}.
From the fact that the variables in the density h, are exchangable

An(0) = P([A1[>0,....[A| > 0)
= / T = lo(x)) ha(R)dxs .. . dx
R™i—1
n k
= —k(" X; X)dxq ...dx
- 130 (k)/w,Hl'e( Sy

_ . k(N (n— k)! 0 ¢ . T
- sz_:l( 1) (k> - /_9.../_9d £[Kn(i, X)) 1t
= det]l — Ky,

where the last expression represents the Fredholm determinant of
the operator | — Kj,, and K, is an integral operator with kernel K,
acting on the Hilbert space Ly((—#0,0)).
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again..

Since
Fa(0) = P(M <0,...,\, <0),

by similar calculations as before we find that
Fn(0) = det[l — K],

but in this case the Hilbert space is La((6, 0)).
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